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Abstract
We use a new, conformally-invariant method of analysis to test incomplete null
geodesics approaching the singularity in a model of an evaporating black hole for
the possibility of extensions of the conformal metric. In general, a local conformal
extension is possible from the future but not from the past.
1 Introduction
In [7], Penrose developed his argument that, in the correct theory of space-time, initial
singularities and final singularities would be different in character, with the Weyl tensor
finite or even zero at initial singularities but no such constraint on final singularities. As
a test case, he discussed the space-time singularities associated with Hawking’s picture of
an evaporating black hole (see also [8]). In this picture, there is a final singularity formed
in the collapse which led to the black hole. At the endpoint of the evaporation of this
black hole, this singularity vanishes but not before, at the last instant, being visible in
the exterior and therefore being briefly an initial singularity. Penrose’s argument then
suggests that the singularity as seen from the past should be different in character, with
respect to conformal properties, from the singularity as seen from the future.
To test this suggestion, we need a convincing model of the metric for an evaporating
black hole and we shall use the model of Hiscock [3], [4]. Essentially, this consists of
matching Vaidya metrics to the Schwarzschild metric of the black hole and to flat space,
with an ingoing flux of negative energy density which reduces the Schwarzschild mass to
zero, and an outgoing flux of positive energy density which radiates the mass to infinity,
leaving flat space to the future of an outgoing null hypersurface. Details will be given
below, but note that the model is spherically-symmetric.
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Once we have the model, we test its conformal properties using a method developed
in [5]. Null geodesics are conformally-invariant as point sets, in the sense of being un-
changed under conformal rescalings of the metric, and as a point set a null geodesic is also
a null conformal geodesic (see e.g. [11] for the general definition of conformal geodesic).
By regarding a null metric geodesic, say γ, as a null conformal geodesic, one can give
a conformally-invariant definition of propagation of frames along γ and can then give
conformally-invariant definitions of boundedness of conformal curvature and its deriva-
tives along γ, namely by requiring components of the (conformally-invariant) conformal
curvature in these conformally-invariant frames to be bounded. In general, it is more
natural to work with the calculus of tractors and tractor curvature (see [11]). For our
purposes in this article this technology isn’t needed, but we recall that the tractor curva-
ture, which is the curvature of the tractor connection, has as nonzero components the Weyl
tensor C dabc and the Cotton tensor, which is the derivative ∇[aP db] of the Schouten tensor
(defined below). Now suppose that γ is incomplete as a metric null geodesic but that
there is a conformal rescaling of the metric which allows an extension of the space-time
so that γ can be extended as a null geodesic of the rescaled metric. Then necessarily the
conformal curvature (and the tractor curvature) will be bounded in the rescaled metric, so
that the conformally-invariant conditions of boundedness will hold. (It is a recent result
of one of us [6] that these necessary conditions are sufficient: given bounded derivatives
up to order k+1 of the tractor curvature, a Ck local extension of the conformal structure
will exist.)
This method was used in [5] in a variety of particular cases: on radial null and space-like
geodesics in the Schwarzschild metric, to find, as expected, that no conformal extension
is possible through the singularities at r = 0 or through space-like infinity i0; on radial
null geodesics of the conical spherical metric:
ds2 = dt2 − dr2 − a2r2(dθ2 + sin2 θdφ2), a 6= 1,
(so-called because it has a singularity at the origin due to a deficit in the solid angle,
analogous to the deficit in the plane angle at the familiar conical singularity) to show
that no conformal extension is possible through the singularity at r = 0; and along the
matter flow-lines of the Lemaitre-Tolman-Bondi dust cosmologies to find conditions for
conformal extendibility through the singularity.
In this article, we use the method to analyse the singularity which is formed in the
collapse and then evaporates with the black hole. This singularity has, in the Penrose
diagram (see figure 1), an interior and a final point before it vanishes. Our findings may
be summarised as follows:
• along radial in or outgoing null geodesics meeting the singularity at an interior point,
the physical affine parameter distance to the singularity is finite, and the Weyl spinor
can never be made finite by rescaling; no conformal extension is possible (note that
this includes regions of the Schwarzschild singularity, so in particular, as one would
expect, no conformal extension is possible through there);
• along radial ingoing null geodesics from the past to the final point of the singularity,
the physical affine parameter distance is finite; the Weyl spinor vanishes by conti-
nuity; the tractor curvature vanishes if one imposes Hiscock’s condition ([3], [4]) of
finite rates of particle creation; by imposing more conditions on the mass function
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of the Vaidya interior metric, one may make more derivatives of the tractor curva-
ture zero (and if all derivatives up to order k + 1 are bounded then there is a local
Ck-extension of the conformal structure, [6]); if one imposes the decay rate on the
mass function which follows naively from the Hawking mass-loss formula, then the
tractor curvature is singular (and no local extension of the conformal structure is
possible);
• along radial outgoing null geodesics from the past to the final point of the singularity,
the situation is similar to that with the conical spherical metric: there are choices of
conformal factor which lead to a bounded Weyl spinor, but then the singularity is
infinitely far off in the rescaled metric; all other choices lead to an unbounded Weyl
tensor; either way no conformal extension is possible (it is also worth noting that
the affine parameter distance to the singularity in the physical, unrescaled metric is
infinite in this case);
• along past-directed, radial ingoing null geodesics from the future to the final point
of the singularity the physical affine parameter distance is finite, and of course the
tractor curvature and its derivatives are zero; local conformal extension is possible.
In summary, the conclusions accord with Penrose’s hypothesis: a conformal extension is
possible from the future but not from the past, with the exception that local extensions of
low differentiability may be possible along ingoing null geodesics to the final point, given
extra conditions on the rate at which the mass-function vanishes. A global extension from
the past, through the whole singularity, is never possible.
The plan of the article is as follows. We begin in the next section by giving more
details of the evaporating black hole (EBH) models, introducing a Newman-Penrose null
tetrad and calculating what we need from the spin-coefficient formalism (for which see e.g.
[9] or [10]). In section 3, we give the details of the method of testing for the possibility of
a conformal extension, in terms of null conformal geodesics and the conformally-invariant
propagation of spinors along them. In section 4, we collect the results of applying this
test along radial in and outgoing null geodesics.
2 The model
As noted above, Hiscock’s evaporating black hole (EBH) models [3], [4] are constructed
by matching Vaidya metrics to the Schwarzschild metric of the black hole and to flat
space. Start with a Schwarzschild metric, formed in collapse, and given to the future of a
constant v surface S, say v = vS, in the usual coordinates (so v = t+ r+ 2m log(r− 2m)
where m is the mass of the initial Schwarzschild metric). The details of the collapse are
assumed to lie to the past of S. Pick a sphere S = (u = u1, v = v1) on S ′ = {v = v1 > vS}
and a spherically-symmetric time-like surface Σ with past boundary at S. In the space-
time region to the future of S ′ bounded by Σ, take the metric to be the ingoing Vaidya
metric (1) below, with mass N(v), where N(v1) = m and N decreases to zero at v0 (so
N(v0) = 0) as negative mass flows into the hole. In the space-time region to the future of
S ′′ = {u = u1} bounded by Σ, take the metric to be the outgoing Vaidya metric (2) below,
with mass M(u), where M(u1) = m and M decreases to zero at u0 (so M(u0) = 0) as
positive mass flows out to future-null-infinity I+. Σ has future boundary at the 2-sphere
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M
r = 0
i0
I−
Sch.
i+
v = vS
r = 0
I+
V − V +
v = v0
Figure 1: Penrose diagram of the model EBH space-time; M , V +, V − and Sch. are regions
of Minkowski space, outgoing Vaidya, ingoing Vaidya and Schwarzschild respectively; V +
meets V − along the time-like hypersurface Σ, other matchings are along null hypersurfaces
(V − to Sch. along v = v1, V
+ to Sch. along u = u1, V
+ to M along u = u0); the
singularity at r = 0 (double line) becomes the origin of coordinates in M (dashed line)
when the mass has dropped to zero (at v = v0).
S ′′ = (u = u0, v = v0). In the union of the regions to the past of S ′ and to the past of S ′′,
retain the Schwarzschild metric.
There will necessarily be distributional curvature along Σ, and the choices of N(v),
M(u), this distributional curvature and the history of Σ are tied together by the Einstein
equations. However, for our purposes, we don’t need the details of this as long as there
is a sphere (u = u0, v = v0) on Σ as a future boundary at which N(v0) = 0 = M(u0).
Assume so, and then match to flat space across v = v0 and across u = u0. The Penrose
diagram for this metric is given in figure 1.
Note in particular that Σ must stop before the singularity is reached. This is because
at the singularity r vanishes, while in the outgoing Vaidya metric the singularity at r = 0
is in the past, corresponding to the past singularity of Schwarzschild, not the future one.
Our interest is in the future singularity of the Schwarzschild metric at r = 0 (the past
one is in a part of Schwarzschild not relevant in collapse). Points of the future one with
v ≤ v1 are just as in Schwarzschild, while points with v1 ≤ v < v0 are as in Vaidya. Our
main interest is in points with v = v0, and the approach to them along different radial
null directions. When approached from the past like this, the last part of the approach is
solely through the part of the metric which is ingoing Vaidya; approach from the future is
through flat space; therefore we don’t need to calculate with the part of the metric which
is outgoing Vaidya, and so the details of Σ don’t affect our calculation.
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The ingoing Vaidya metric is
ds2 =
(
1− 2N(v)
r
)
dv2 − 2dvdr− r2(dθ2 + sin2 θdφ2) (1)
and, although we shan’t need it, the outgoing Vaidya metric is
ds2 =
(
1− 2M(u)
r
)
du2 + 2dudr − r2(dθ2 + sin2 θdφ2) (2)
We choose the following Newman-Penrose (NP) tetrad for the ingoing Vaidya metric:
D = ∂v +
1
2
(
1− 2N(v)
r
)
∂r , ∆ = −∂r , (3)
δ =
1
r
√
2
(
∂θ +
i
sin θ
∂φ
)
,
so that ℓa is outgoing into the future and na is ingoing. Now calculate, using the NP
formalism
Dℓa = 2ǫℓa , Dna = −2ǫna , (4)
and
∆ℓa = 0 , ∆na = 0 , (5)
where
ǫ =
N
2r2
. (6)
Note also that
ρ = −Dr
r
= − 1
2r
(
1− 2N(v)
r
)
, (7)
so that the surface r = 2N(v) consists of marginally outer-trapped surfaces of constant
r, interpolating between the horizon of the initial Schwarzschild solution at r = 2m on
v = vS and the origin of flat space at v = v0. This surface is a dynamical horizon in the
language of [1], but is diminishing in size as it has a flux of negative energy across it.
The only nonzero curvature components are
Φ00 =
N ′
r2
, Ψ2 = −N
r3
. (8)
so that
Φab = Φ00nanb , ΨABCD = 6Ψ2o(AoBιCιD), (9)
in terms of the spinor dyad underlying the chosen NP tetrad.
Hiscock [3], [4] proposes imposing the condition N ′(v0) = 0, as this is necessary and
sufficient to give a finite rate of particle production at v = v0. An alternative would be
to take
N(v) ∼ (v0 − v)1/3, (10)
which is the dependence obtained if one assumes that the Hawking expression for the
power radiated by an evaporating black hole holds up to the end. In this case, the Ricci
tensor is singular at v0. We’ll return to this point below, but note here that, away from
r = 0, Hiscock’s condition has the effect of making the curvature continuous.
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3 Conformal geodesics and the method of analysis
A null conformal geodesic (see e.g. [11]) is a curve γ with tangent vector va and a covector
ba defined along γ satisfying the coupled system
∇vva + 2(bcvc)va = 0 (11)
∇vba − (bcvc)ba + 1
2
(bcb
c)va = Pabv
b (12)
where Pab = Φab − Λgab = −12Rab + 112Rgab is the Rho or Schouten tensor (here we
use the conventions of [9] since we use the spin-coefficient formalism; other authors may
have permutations of the signs here). By (11), a null conformal geodesic is a null metric
geodesic with a particular scaling, dictated by a chosen solution of (12).
Define a propagation law along conformal geodesics by
∇vea + (bcvc)ea + (bcec)va − (ecvc)ba = 0, (13)
which as we shall see has a good transformation under conformal rescaling, then in par-
ticular va is carried along by this rule. For spinors the propagation (13) reduces to
∇vαA = −vAA′bA′CαC (14)
Under conformal rescaling
g˜ab = Ω
2gab (15)
we claim that solutions of (11)-(13) transform according to
v˜a = va , b˜a = ba −Υa , e˜a = ea,
where, as usual, Υa = Ω
−1∇aΩ, and then (14) is invariant with α˜A = αA. Thus (14)
provides a conformally-invariant propagation of, say, a suitably normalised spinor dyad
along γ, from which we construct a conformally-invariant test for boundedness of Weyl
spinor components.
For the normalisation, note that, given two solutions αA1 and α
A
2 of (14)
∇v(ǫABαA1 αB2 ) = −(bcvc)ǫABαA1 αB2
so that, if Ω is a conformal factor with
vab˜a := v
a(ba −Υa) = 0 (16)
then
ǫ˜ABα
A
1 α
B
2 := ΩǫABα
A
1 α
B
2
is constant along the conformal geodesic. This rescaling of ǫAB corresponds to the rescaling
(15) of the metric and then (11) becomes
∇˜vva = 0,
where ∇˜ is the metric covariant derivative for g˜, so that va is tangent to affinely-parametrised
null metric geodesics for g˜. It is then easy to see that ua = Ω2va is affinely-parametrised
for g. If s and s˜ are affine parameters for u and v respectively then
1 = ∇vs˜ = Ω−2∇us˜ = Ω−2ds˜
ds
. (17)
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Note that s˜ is a projective parameter along γ in the usual terminology of conformal
geodesics [11], so that different choices of va and ba subject to (11) and (12) lead to
Mo¨bius transformations in s˜. Equation (16) can be rewritten as
Ω−1∇vΩ = bcvc
and then the contraction of (12) with va gives
∇v∇vΩ−1 = Ω−1(Pabvavb). (18)
The method is now as follows: an affinely-parametrised null geodesic γ of the space-time
metric, with tangent ua, gives rise to a null conformal geodesic by solving (12) along γ for
ba, with v
a replaced by ua, and then adjusting the scaling by solving (11) for va; one can
use (17) to see if the null geodesic is incomplete for s˜; if it is, one can use a spinor dyad
solving (14) to test the curvature components for boundedness on γ. If γ is incomplete for
s˜ but with bounded curvature for g˜, then we expect to be able to extend the unphysical
metric in a neighbourhood of γ including a final segment [11], [6]. This method therefore
tests for extendibility of the conformal metric.
We shall apply this method to ingoing and outgoing radial null geodesics in the ingoing
Vaidya metric which encounter the singularity at r = 0, to test whether the conformal
metric can ever be extended through this singularity.
4 The analysis
4.1 In-going null geodesics
First we consider ingoing null geodesics, that is null geodesics parallel to na. This geodesic
vector field is affinely-parametrised for the physical metric (by (5) so we take ua = na.
Note that the coordinate r is an affine parameter, so that the singularity is at a finite
distance in the physical affine parameter, and the coordinate v is constant along such a
γ. We distinguish v = v2 < v0, an ingoing null geodesic meeting the singularity in its
interior, from v = v0, an ingoing null geodesic meeting the ‘end’ of the singularity. If
v2 < v1, then we are testing the Schwarzschild metric for extendibility, while v1 < v2 ≤ v0
relates to the Vaidya metric.
Expand ba in the NP tetrad as
ba = Xℓa + Y na − Zma − Zma
and expand (12) using (5) and (8) to obtain the system
∆X = X2
∆Y = ZZ
∆Z = XZ.
We won’t need Y . Note that, from (16),
Ω−1∆Ω = bcu
c = X
from which we obtain Ω, given X .
This system of equations is homogeneous (since, by (9), Pabn
b = 0) so that the solutions
are as in vacuum . For X and Z, use (3) to find two cases:
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1. X = 0 , Z = Z0 for constant Z0, so Ω = 1 w.l.o.g.; or
2. X = (r + r0)
−1 , Z = Z0(r + r0)
−1 for constants r0 and Z0, so Ω = (r + r0)
−1.
Now for the spinor propagation (14), expand
αA = ζoA + ηιA
to find
∆ζ = 0
∆η = −Xη − Zζ.
A basis of solutions in the two cases is given by
1. OA = oA + (η0 + rZ0)ι
A , IA = ιA
2. OA = oA + (η0(r + r0)− Z0)ιA , IA = (r + r0)ιA.
We wish to test the components of the Weyl spinor in these bases. From (9) in case 1 we
find
ψ2 = Ψ2 = −N
r3
which clearly diverges on the approach to the singularity at r = 0. In case 2, we have
ψ2 = (r + r0)
2Ψ2
and, for any choice of r0, this still diverges if v = v2 < v0, (which, by the remark above,
includes the Schwarzschild singularity) but it will be zero on v = v0. To go further with
the case v = v0, we calculate the other part of the tractor curvature, which is the Cotton
tensor ∇[aPb]c and which will be conformally invariant at points where the Weyl tensor
vanishes. For this Vaidya metric, it is given by
∇[aPb]c = ∇[aΦb]c = N ′∇[a
(
1
r2
nb]nc
)
,
with the aid of (8) and (9), which is
N ′
r3
(
3ℓ[anb]nc + n[agb]c
)
The component of this along IAI
A′
OBOCO
B′
O
C′
is N ′(v0)/r
3 in case 1 and N ′(v0){(r +
r0)
2/r3} in case 2, which diverges in both cases unless N ′(v0) = 0. The vanishing of this,
which is necessary for finiteness of the tractor curvature, is Hiscock’s condition [3], [4] for
finite rates of particle creation at the end of the black-hole evaporation, so that there is a
physical motivation for imposing it. If we do, then the whole of the tractor curvature is
zero on this null geodesic (If we used (10) instead, then the tractor curvature is singular
and no extension is possible.)
To test for the existence of a conformal extension, we need to consider higher deriva-
tives of the tractor curvature. We next calculate the Bach tensor:
Bab = 2∇ CA′ ∇ DB′ ΨABCD + 2ΨABCDΦ CDA′B′ .
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Recall that, under (15), B˜ab = Ω
−2Bab. When v = v0, if N = N
′ = 0, the only nonzero
term in Bab will be
−12
r3
o(AoBιCιD)∇ CA′ ∇ DB′ N(v)
= − 2
r3
nanbN
′′,
using (3). Now components of B˜ab in frames of either case diverge unless N
′′ = 0, so
there is no conformal extension possible unless N ′′ = 0. Inductively, if N (k)(v0) = 0 for
0 ≤ k ≤ n− 1 then the derivatives
∇a1 · · ·∇akC ebcd
will be zero for 0 ≤ k ≤ n− 1, and the case k = n will be a conformally-invariant tensor,
whose only nonzero term will be proportional to N (n)r−3; so the (n− 1)-th derivative of
conformal (or tractor) curvature will be bounded if and only if N (n)(v0) = 0, and then a
local Cn−2-extension of the conformal structure will exist, by [6].
4.2 Outgoing null geodesics
Next we consider outgoing null geodesics, in the direction of ℓa. This vector field is not
affinely-parametrised (see (4)), so we introduce ua = Θ2ℓa which is. By (4), the condition
on Θ is
0 = ∇uua = Θ2D(Θ2ℓa),
so that
DΘ = −ǫΘ. (19)
Again, we expand ba in the NP tetrad, to find for (12) the system
DX + 2ǫX − ZZ = 0
DY − 2ǫY − Y 2 = N
′
r2
(20)
DZ − Y Z = 0. (21)
and for the spinor propagation
Dζ + ǫζ = −Y ζ − Zη (22)
Dη − ǫη = 0. (23)
For the conformal factor
Ω−1DΩ = bcℓ
c = Y, (24)
Use (24) to solve (21) and find Z = ΩZ0, then (20) becomes a linear equation for Ω
−1 :
D2Ω−1 + 2Θ−1DΘDΩ−1 + Ω−1
N ′
r2
= 0 (25)
which is equivalent to (18). Using (7), one solution is found to be Ω = r−1, corresponding
to Y = ρ . The general solution can therefore be written as
Ω−1 = rF (26)
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whereupon (25) can be integrated to give
DF = Ar−2Θ−2 (27)
for constant A.
From (19) we may solve (23) by
η = η0Θ
−1.
Now use (19) and (24) to convert (22) to
D(Θ−1Ωζ) = −Z0η0Ω2Θ−2.
A normalised spinor dyad is
OA = ΘΩ−1oA
IA = WoA +Θ−1ιA
where
D(Θ−1ΩW ) = −Z0Ω2Θ−2.
In this dyad, the nonzero Weyl curvature components are
ψ2 = Ω
−2Ψ2, (28)
ψ3 = 3Θ
−1WΩ−1Ψ2, (29)
ψ4 = 6W
2Θ−2Ψ2. (30)
We need the behaviour of these along γ, where
dr
dv
=
1
2
− N(v)
r
,
which we need to solve for r(v). We distinguish two cases:
• v → v2 < v0: this includes the case of approach to the Schwarzschild singularity.
Then
r = (2N(v2))
1/2(v2 − v)1/2(1 +O(v2 − v)),
so
Θ = (v2 − v)1/4(1 +O(v2 − v)).
From (26)-(27), Ω−1 is therefore asymptotically O(1) or O((v2 − v)1/2) as v → v2.
From (28) and (8), we can’t make ψ2 bounded.
From the definition of Θ, the physical affine parameter s is obtained by solving
ds
dv
= Ds = Θ−2,
so that ∫
ds =
∫
Θ−2dv. (31)
Now the distance to the singularity in the physical affine parameter is finite.
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• v → v0: now we need to make an assumption about the behaviour of N(v) subject
to N(v0) = 0; we shall suppose that
N(v) = n(v0 − v)k
with k > 1, so that Hiscock’s condition N ′(v0) = 0 holds, then along γ we calculate
r = 2n(v0 − v)k
(
1− 4nk(v0 − v)k−1 +O((v0 − v)2(k−1))
)
.
Solve (19), using (6), to find
Θ = (v0 − v)k exp
(
− 1
8n(k − 1)(v0 − v)k−1
)
(1 +O((v0 − v)k−1)). (32)
From (31) and (32), the integral for s diverges as v → v0, so that this singularity is
infinitely far away along γ, as measured in the physical affine parameter. Note that
this is different from the previous case of radial null geodesics ingoing towards this
same singularity.
From (26), (28) and (8):
ψ2 = −F
2N
r
= −F
2
2
(1 +O((v0 − v)k−1)),
while, from (27)
dF
dv
=
A′
(v0 − v)4k exp
(
1
4n(k − 1)(v0 − v)k−1
)
(1 +O((v0 − v)k−1)) (33)
with A′ = A(4n2)−1.
We distinguish two cases. If A = 0 then F is constant and ψ2 is finite. By choosing
Z0 = 0 = W , we ensure that the whole Weyl spinor is bounded (from (29), (30)).
From (17) however, choosing F = 1 we find that
ds˜
dv
= r−2Θ−2,
and the right-hand-side of this is the same as in (33), up to a nonzero factor.
This equation has no solution which is bounded as v → v0, so that the singularity
is infinitely far off in the rescaled, unphysical metric - no conformal extension is
possible.
Now if A 6= 0 then we have to solve (33) for F and again this has no solution which
is bounded as v → v0, so that ψ2 cannot be made finite - in this case the distance
to the singularity in the unphysical affine parameter is finite since
ds˜
dv
= Ω2Θ−2 = r−2F−2Θ−2 = A−1F−2
dF
dv
,
so that
s˜ = c1 +
c2
F
,
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which is bounded, but the Weyl curvature is singular so that no conformal extension
is possible this way either. With Hiscock’s condition, no local conformal extension
is possible around the outgoing null geodesic to v = v1.
It is straightforward to repeat the last calculation with (10) instead. Now the
physical affine parameter distance to the singularity is finite, but no choices lead to
finite Weyl spinor, so that no local conformal extension is possible around this null
geodesic.
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